Effect of residual stresses on the crack-tip constraint in a modified boundary layer model  by Ren, X.B. et al.
International Journal of Solids and Structures 46 (2009) 2629–2641Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/ locate / i jsols t rEffect of residual stresses on the crack-tip constraint in a modiﬁed boundary
layer model
X.B. Ren a, Z.L. Zhang a,*, B. Nyhus b
aDepartment of Structural Engineering, Norwegian University of Science and Technology (NTNU), N-7491 Trondheim, Norway
b SINTEF Materials and Chemistry, N-7465 Trondheim, Norwaya r t i c l e i n f o
Article history:
Received 26 May 2008
Received in revised form 26 January 2009
Available online 26 February 2009
Keywords:
Residual stresses
Crack-tip constraint
Cleavage fracture
Failure assessment0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.02.009
* Corresponding author. Tel.: +47 73 59 25 30; fax:
E-mail address: zhiliang.zhang@ntnu.no (Z.L. Zhana b s t r a c t
Residual stresses play a crucial role in structural integrity assessment. In this study, a large cracked
cylinder with a weld in the center is applied to investigate the effect of residual stresses on the crack-
tip constraint. A modiﬁed boundary layer model with a remote displacement-controlled elastic K-ﬁeld
and T-stress under small scale yielding has been used to simulate the problem. A two-dimensional tensile
residual stress ﬁeld due to the weld is introduced into the model by the so-called eigenstrain method. It
has been shown that the residual stresses can signiﬁcantly elevate the crack-tip constraint and thus
increase the probability for cleavage fracture. The constraint parameter R introduced by the authors
can be used to rank the crack-tip constraint induced by the bi-axial residual stresses. The R value
decreases with the increase in the applied J-integral. The residual stress-induced constraint is also cou-
pled with the T-stress. The R value becomes smaller with larger T-stress.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Process-induced residual stresses are inevitable for most
mechanical or thermal operations used in processing engineering
materials. Residual stresses have a signiﬁcant effect on structural
integrity assessment of welded structures. The proper treatment of
the welded residual stresses in integrity assessment is becoming
an increasing important safety factor when high strength steels are
utilizedmorewidely in the offshore industry. In practice, it has been
demonstrated that the residual stresses are either overestimated in
most cases or underestimated in others (Dong and Brust, 2000).
Signiﬁcant progress has been made in the prediction of the
welding residual stresses, and several commercial ﬁnite element
codes are available on the market (WeldsimS, SYSWELD). The
study of the effect of residual stresses on the crack-tip driving
force, constraint, failure mechanisms and integrity assessment
has also received attention recently. The studies carried out by
Panontin and Hill (1996) and Hill and Panontin (1998) conﬁrm that
the residual stresses contribute to both the crack driving force and
the crack-tip constraint. Xu and Burdekin (1998) investigated the
effect of residual stresses on the crack-tip constraint and found
that the tensile residual stresses parallel to the crack ﬂank increase
the constraint at the crack tip while compressive residual stresses
in this direction have the opposite effect, but a biaxial nonlinear
residual stress state may also increase the crack-tip constraint de-ll rights reserved.
+47 73 59 47 01.
g).spite the residual stress component parallel to the crack ﬂank
being compressive. Lei et al. (2000) observed that the standard
Rice’s J-integral (Rice, 1968) becomes path dependent in the pres-
ence of a residual stress ﬁeld. They suggested a modiﬁed J-integral
that is path-independent for both a pure residual stress ﬁeld and a
combination of residual stress ﬁeld and the applied load. Residual
stresses were also shown to affect fracture mechanisms, such as
brittle fracture, plastic collapse, fatigue, creep, stress corrosion
cracking (Withers, 2007) as well as hydrogen embrittlement (Tor-
ibio and Elices, 1991). Understanding how residual stresses along
with the presence of known or worst case defects affect the limit
life without unnecessary conservation is crucial for the industry.
Most recently, the residual stress-induced crack-tip constraint
has been investigated by Liu et al. (2008) by using single edge
notched bending specimens and a one-dimensional residual stress
ﬁeld. A new parameter R was proposed. By combining the CTOD
(Crack Tip Opening Displacement) and Q-stress (O’Dowd and Shih,
1991, 1992), a so-called CTOD-Q-R three-parameter formulation is
proposed to describe the near-tip stress ﬁeld.
In this study, a modiﬁed boundary layer (MBL) model has been
used to investigate the effect of a two-dimensional residual stress
ﬁeld on the crack-tip constraint. An ideal problem, a large round
cylinder with a ‘‘spot” weld in the center, was studied, see Fig. 1.
A rigid analytical surface was placed on the symmetrical line to
model the contact of the crack surfaces. The cylinder was simu-
lated by an MBL model with a remote boundary controlled by
the elastic K-ﬁeld and T-stress, and with a crack located at the weld
Fig. 1. Illustration of the problem. (a) The round cylinder; (b) ‘‘spot” welding with radius of c in the center and one sharp crack is introduced; (c) applied load.
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the base metal has not been taken into consideration.
The overall aim is to study the structure of the near-tip stress
ﬁeld in the presence of two-dimensional residual stresses and
the relationship of this ﬁeld to the applied J-integral and T-stress.
The paper is organized as follows: the studies of crack-tip con-
straints including the geometry constraint, mismatch constraint,
prestrain history-induced constraint are reviewed ﬁrst. The
numerical procedure for this study is brieﬂy discussed in Section
3. The ﬁndings and results are discussed in detail in Section 4. Fi-
nally, the paper ends with the concluding remarks.
2. Crack-tip constraint
In a weldment there are basically four factors which inﬂuence
the level of a crack-tip constraint. Constraint in fracture mechanics
is a term that is widely used but vaguely deﬁned or understood. In
the present context we prefer to understand the level of constraint
as an indicator of the near-tip stress state, and the constraint is re-
garded as the factors or conditions which inﬂuence the transfer-
ability and invalidate the one-to-one relation between the crack
driving force and near-tip stress ﬁeld. The geometry constraint is
caused by crack size, specimen dimensions and loading mode;
inhomogeneous material properties can induce the mismatch con-
straint at the crack tip (Zhang et al., 1996; Betegón and Peñuelas,
2006; Burstow et al., 1998); both the prestrain history (Eikrem
et al., 2007) and the welding residual stresses inﬂuence the
crack-tip constraint as well. In recent decades, a series of studies
has been carried out to characterize the different crack-tip
constraints.
According to William’s solution, the ﬁrst two terms of small-
strain linear elastic expansion of the crack-tip stress ﬁeld possess
the following form (Williams, 1957),
rij ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p fijðhÞ þ Td1id1j ð1Þ
where KI is the mode I elastic stress intensity factor and T is a stress
parallel to the crack. Larsson and Carlsson (1973) demonstrated
that the second term in the series was important to modify the
boundary solution to ﬁt the real crack problem, and the T-stress
has a signiﬁcant effect on the plastic zone size and shape. Du and
Hancock (1991) studied the effect of T-stress on the small scale
yielding ﬁeld of a crack in plain strain conditions and found that a
positive T-stress causes plasticity to envelop the crack tip and exhib-
its a Prandtl ﬁeld. This corresponds to the limit solution of the HRR
ﬁeld (Hutchinson, 1968; Rice and Rosengren, 1968) for a non-hard-
ening material, while a compressive T-stress reduces the stress tri-
axiality state at the crack tip. Betegón and Hancock (1991)
suggested a two-parameter framework J-T to characterize the effect
of the constraint induced by the geometry. But, T-stress is only valid
in an elastic regime.O’Dowd and Shih (1991, 1992) developed the J–Q two-param-
eter theory and gave a precise meaning to the term constraint
caused by the geometry and loading mode. They showed that
the full range of high- and low-triaxiality ﬁelds within the J–Q
annulus are members of a family of solutions parameterized by
Q when distances are normalized by J=r0, where r0 is the yield
stress. The near-tip stress ﬁeld can be expressed by two-term
expansion:
rij ¼ rHRRij þ Qr0
r
J=r0
 q
r^ijðh;nÞ ð2Þ
where
rHRRij ¼
J
a0r0Inr
  1
nþ1
r0 ~rijðh; nÞ ð3Þ
is the J-controlled HRR stress ﬁeld, r and h are polar coordinates
centered at the crack tip; n is the hardening component; 0 is the
yield strain (0 ¼ r0=E), and a is a material constant.
Their study showed that jqj  1; and when jhj < p=2,
1 < r=ðJ=r0Þ < 5, the stress components r^rr  r^hh  constant and
jr^rhj  jr^hhj. Thus, Q is a hydrostatic stress parameter. In this
two-parameter formulation, J sets the size scale over which large
stress and strains develop, and Q characterizes the crack-tip stress
distribution and the stress triaxiality achieved ahead of the crack. Q
is therefore a quantitative measure of the crack-tip constraint
caused by geometry. It must be noted that the J–Q theory fails to
characterize the crack-tip ﬁelds and quantify the constraint level
in a bending-dominated large deformation regime. Zhu and Leis
(2006) proposed a bending modiﬁed J–Q theory, by which the
crack-tip stress ﬁelds for bending specimens at all deformation lev-
els can be characterized.
In welded components, the crack located at the interface be-
tween the weld metal and the heat affected zone is generally the
most critical one. Because of the nature of welding, there is often
a mismatch between the weld metal and the base metal. By consid-
ering the interface crack as a bi-material system, Zhang et al.
(1996) carried out a numerical investigation on the near-tip stress
ﬁeld and found that the near-tip ﬁeld in the forward sector can be
separated into two parts. The ﬁrst is characterized by the J-integral
for a reference material; the second part which inﬂuences the
absolute levels of stresses at the crack tip and measures the devi-
ation of the ﬁeld from the ﬁrst part can be described by a mismatch
constraint parameter, M (Zhang et al., 1997b):
rij  rRefij ðJÞ þMr0Ref f Mij ðhþ 12bÞ ð4Þ
where b ¼ 0 for overmatch and b ¼ 1 for undermatch, r0Ref is the
yield stress of reference material and f Mij represents the angular
function of the difference ﬁelds caused by mismatch, which only
depends on the reference material. The study also showed that ra-
dial dependence of M-ﬁeld is weak. Similar studies have been car-
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2006; Burstow et al., 1998).
Zhang et al. (1997a) further studied the effect of T-stress on the
crack-tip stress ﬁeld of an elastic–plastic interface crack. They
found that the T-stress can shift the near-tip stress level up and
down without signiﬁcantly affecting the mismatch constraint
parameterM, which indicates that the constraints caused by geom-
etry and mismatch are independent of each other. A so-called J–Q–
M formulation to describe the near-tip stress ﬁeld in the presence
of both geometry and material mismatch constraints was then
proposed:
rij  rM¼0;T¼0ij þ Qr0Ref f^ Qij ðhÞ þMr0Ref f^ Mij ðhþ 12bÞ ð5Þ
Here, the Q parameter describes the geometry constraint. Similarly,
the M value is used to rank the material mismatch effect on the
crack-tip constraint.
Plastic prestrain history common in reeled pipes has also been
found to inﬂuence on the crack driving force and crack-tip stress
ﬁeld (Eikrem et al., 2007). By considering single prestrain cycles,
the authors developed a new parameter to quantify the prestrain
induced crack-tip constraint:
P ¼ Mrhh
r0
 
x=d¼4
¼ rhh
r0
 

 rhh
r0
 
¼0
 
x=d¼4
; h ¼ 0 ð6Þ
where rhhh0
 

implies the case with prestrain history and rhhh0
 
¼0
de-
notes the monotonic loading case. Thus, P value represents the
amplitude of the difference stress ﬁeld caused by the prestrain his-
tory and can be used to rank its constraint. A three parameter for-
mulation CTOD–Q–P is suggested to describe the near-tip stress
ﬁeld of a cracked specimen with prestrain history. The formulation
has the following form:
rhhðxÞ ¼ r¼0hh ðx; d;r0; nÞ þ Q þ P at h ¼ 0 ð7Þ
It has been shown that the residual stresses also have a signiﬁcant
effect on the crack diving force and crack-tip constraint. Liu et al.
(2008) studied a one-dimensional residual stress ﬁeld perpendicu-
lar to the crack plane in single edge notched tension and bending
specimens. They showed that residual stress can enhance the
crack-tip constraint and deﬁned a parameter R to characterize the
effect. Following the same approach for investigating crack-tip con-
straint (O’Dowd and Shih, 1991, 1992; Zhang et al., 1996; Eikrem
et al., 2007) the structure and behavior of the near-tip stress ﬁeld
under the combined load of a two-dimensional residual stresses
ﬁeld and external load in a well deﬁned MBL model is studied,
and the parameter R used to quantify the constraint induced by
residual stresses is further investigated. R represents the difference
between the full near-tip stress ﬁeld and reference ﬁeld.
3. Numerical procedure
3.1. Finite element model
The modiﬁed boundary layer (MBL) model used for this study
consists of a weld metal region located in the center of the modelFig. 2. Modiﬁed boundary layer model, (and an outer base metal region. The problem considered is a plane
strain formulation with an assumed crack in the center of weld
metal region. The load was applied to the remote edges of the mod-
el through a displacement ﬁeld (u,v) controlled by the elastic
asymptotic stress ﬁeld of a plane strain mode I crack
uðr; hÞ ¼ KI 1þ mE
ﬃﬃﬃﬃﬃﬃ
r
2p
r
cos
1
2
h
 
ð3 4m cos hÞ þ T 1 m
2
E
r cos h
vðr; hÞ ¼ KI 1þ mE
ﬃﬃﬃﬃﬃﬃ
r
2p
r
sin
1
2
h
 
ð3 4m cos hÞ  T mð1þ mÞ
E
r sin h
ð8Þ
where KI ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EJ=ð1 m2Þp under plane strain condition; E is Young’s
modulus, m is Poisson’s ratio; r and h are polar coordinates centered
at the crack tip with h ¼ 0 corresponding to the crack tip.
ABAQUS/CAE was used for the analyses. Only the upper-half
plane was modeled because of symmetry. The crack is assumed
to be a sharp crack without initial radius and the radius of the
MBL model was taken as 1000 mm to ensure that the small scale
yielding condition is fulﬁlled. The model was meshed by standard
eight-node elements with reduced integration, CPE8R, with a ﬁner
mesh in the crack-tip region and the interface between the weld
metal region and the base metal region. The size of smallest ele-
ments near the crack tip is 0.1 mm. The ﬁnite element model has
1408 elements and the meshes are shown in Fig. 2.
3.2. Material properties
The weld metal and base metal were assumed to have the same
elastic properties (E ¼ 2 105 MPa, m ¼ 0:3) and plastic properties.
The rate-independent power law strain hardening materials were
assumed to have the form of
rf ¼ r0 1þ
p
0
 n
ð9Þ
where rf is the ﬂow stress; p is the equivalent plastic strain,
r0 ¼ 400MPa the yield stress, 0 ¼ r0=E the yield strain and n is
the plastic strain hardening exponent.
Different thermal expansion coefﬁcients for the base metal (ab)
and weld metal (aw) are assumed to introduce the residual stresses
into the model by so-called eigenstrain method. It should be noted
that the thermal expansion coefﬁcients here are not physical ther-
mal coefﬁcients, but are just used to introduce the residual stress
into the computational model. The eigenstrain method was also
called ‘‘inherent strain” method when ﬁrst introduced by Ueda
et al. (1975). The basic idea of the eigenstrain method is that the
source of residual stress is an incompatible strain ﬁeld caused by
plastic deformation, thermal strains and phase-transformation etc.
(Hill and Nelson, 1995). Thus, if the distribution of the eigenstrain
is known, the distribution of residual stresses can be obtained
through linear elastic calculation by using the ﬁnite element meth-
od. In this study, the isotropic distribution of eigenstrain in both the
basemetal and theweldmetal regionswas assumed; the eigenstrain
values were set to be equal to the thermal expansion coefﬁcients of
two regions respectively. The residual stresseswere then introduceda) global mesh; (b) crack-tip mesh.
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proaches were also applied in the literature (Hill and Nelson,
1996;Mochizuki et al., 1999), and their results showed that the dis-
tributions of residual stresses obtained by such approaches agreed
well with the experimental results.
3.3. Residual stress ﬁeld introduced by eigenstrain method
In this study, a ‘‘spot” weld with a round shape located in the
center of the model was assumed. The eigenstrain for the base
metal was assumed to be zero, and isotropic non-zero value for
the weld was assigned. The size of the weld region was described
by radius c, and three different sizes were investigated. Fig. 3
shows the redistributed residual stress after the crack was intro-
duced for the case with aw ¼ 0:003 and ab ¼ 0. The stress compo-(a
(b
Fig. 3. The redistribution of the residual stress ﬁelds after the crack was intronents were normalized by the yield stress, and the distance from
the crack tip was normalized by c.
It can be seen that the residual stresses along both the parallel
and opening directions have a sharp turning point at the interface
between the base metal and weld metal. The reason for this sharp
turning point is that the assumption of eigenstrain distribution is
not continuous between the two regions. It can also be observed
that the normalized residual stress ﬁelds collapse into one curve
for different radius of weld region. Both the parallel and opening
residual stress components in the weld metal are tensile and the
peak values are approximately 1000 and 1520 MPa, respectively.
In the base metal region, the residual stress parallel to the crack
plane is also tensile in a large range while the opening residual
stress component is compressive to counter balance the tensile
stress in the weld. The effect of the biaxial residual stress on the)
)
duced. (a)rR11; (b)rR22. E=r0 ¼ 500, m ¼ 0:3, n = 0.1; aw ¼ 0:003 and ab ¼ 0.
X.B. Ren et al. / International Journal of Solids and Structures 46 (2009) 2629–2641 2633crack-tip constraint will be investigated in the following by using
the residual stress ﬁeld with weld size c ¼ 20 mm.4. Results and discussion
The J-integral is adopted by the majority of the integrity assess-
ment procedures currently used as the elastic–plastic fracture
parameter. But for a crack in a residual stress ﬁeld or the combina-
tion of mechanical and residual stresses a general path-indepen-
dent J-integral appears to be path-dependent (Lei et al., 2000). In
our study, the computed J-integral by ABAQUS has been investi-
gated and compared with the applied J-integral (external loading)
to the MBL model. Residual stresses as an additional stress ﬁeld in-
duce an initial J-integral, which is about 0.04% of the ﬁnal J-integral
caused by the combination of residual stress and external load. The
residual stress was found to have signiﬁcant effect on the path
independence at the early stage of loading, while the path depen-
dence becomes less severe with the increase of external loading.
We also found that the J-integral in both the cases with and with-
out residual stress loses path independence in the ﬁnite strain re-
gion, beyond which the J-integral are practically path-independent.
The difference between the computed J-integral and applied J-inte-
gral is 0:2%  2:78% when a residual stress is present with applied
J-integral from 200 to 600 N/mm, and it is 1:1%  3:25% for the
case without residual stresses. The calculated J-integral has been
used in the calculation of the stress ﬁeld, J in the following means
the computed J-integral.
4.1. Reference solution and the Q-ﬁeld
The reference solution is important for studying the crack-tip
constraint. The stress ﬁeld distribution according to the HRR singu-
larity or the small scale yielding solution (SSY) from MBL analysis
is generally considered as the reference ﬁeld. The difference
between the HRR singularity and SSY solution was found to be very
small. Dodds et al. (1993) showed that the choice of HRR ﬁeld or
SSY solution as reference ﬁeld does not result in any signiﬁcant dif-
ference. But, applying SSY solution as the reference ﬁeld can extend
the applicability of the approach to a much broader range of mate-
rials, because the HRR singularity is limited to deformation
plasticity.Fig. 4. Small scale yielding solution without residual stIn this study, we used a homogeneous SSY solution without
residual stresses and the T-stress as the reference ﬁeld. Small scale
yielding conditions are enforced by not allowing the plastic zone
size rp to exceed 0.2 times the radius of the MBL model. The stress
distribution obtained from the small strain analysis for T = 0 under
different loading levels is presented in Fig. 4. Here, opening stres-
ses are normalized by the yield stress r0; r is the radial distance
of the material in the undeformed state measured from the crack
tip and normalized by J=r0. As shown in Fig. 4, the opening stresses
for different external loadings collapsed into a single curve. In
other words, the reference ﬁeld is independent of applied load. In
this study, solution with Japplied ¼ 200 N=mm was taken as the ref-
erence one.
In order to better understand the effect of residual stresses on
the crack-tip constraint, the Q-ﬁeld is revisited. The Q value in
the J–Q theory (O’Dowd and Shih, 1991, 1992) represents the
crack-tip constraint induced by specimen geometry, crack size or
loading mode. The small scale yielding solution was used as the
reference solution to measure the Q value. Fields of different
crack-tip constraint levels were induced by applying different
combinations of K and T. Bilby et al. (1986) showed that the
near-tip stress distribution depends on T, but is independent of
K. Therefore, the K-ﬁeld was ﬁxed in this section, but the T-stress
varied in the range of 1 < T=r0 < 1. The effect of loading path
will be further investigated in Section 4.5. The opening stresses
of the case with different T are shown in Fig. 5. It can be seen that
the ﬁnite-strain effect is signiﬁcant in the range r=ðJ=r0Þ < 1, be-
yond which the stress ﬁeld shows similarity. The stress distribu-
tion of T=r0 ¼ 0 corresponds to the small scale yielding solution
and the stress distribution for T=r0 ¼ 0:5 and 1 are almost identi-
cal. The reason for this is that the crack-tip ﬁeld will approach full
plasticity and a further increase of T-stress does not change the
crack-tip ﬁeld anymore when T=r0 is greater than certain value,
as was shown by Du and Hancock (1991). However, negative
T=r0 values cause a signiﬁcant downward shift of the stress ﬁeld.
O’Dowd and Shih (1992) have demonstrated that there was a
one-to-one correspondence between T and Q under the conditions
that the remote stress ﬁeld is given by the ﬁrst two terms of the
small-displacement-gradient linear elastic solution (Eq. (1)), in
which the applied load and geometry affect Q only through T. i.e.
Q ¼ FðT=r0;nÞ ð10Þresses and the T-stress. E=r0 ¼ 500, n = 0.1, m ¼ 0:3.
Fig. 5. Opening stresses at different T-stress. E=r0 ¼ 500, n = 0.1, m ¼ 0:3.
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the dependence is weak. The relationship between Q and T in this
study is shown in Fig. 6.
4.2. Stress ﬁeld with residual stress and the deﬁnition of R
As mentioned in Section 2, residual stresses affect the crack-tip
constraint. However, the issue of how to quantify the effect re-
mains open. In order to investigate the effect of residual stress
ﬁelds on crack-tip constraint, different biaxial residual stress ﬁelds
(see Fig. 3) were introduced by varying the eigenstrain values un-
der the same external loading (Japplied ¼ 200 N=mm) controlled by
the K-ﬁeld. The stress distributions including residual stresses are
compared with the reference SSY ﬁeld in Fig. 7. Here, the stress
components along the crack line (h ¼ 0) were shown in range
0 < r=ðJ=r0Þ < 5.
It can be seen from Fig. 7 that the presence of residual stresses
elevates the stress level compared with reference solution, and theFig. 6. Relationship between Q and T. The Q value was taelevation of the stress level increases with the increase of the
eigenstrain level. It can be observed that the ﬁnite-strain effects
are signiﬁcant in the range r=ðJ=r0Þ < 1:5, beyond which the stress
distributions seem to be parallel to each other. It should be noted
that the magnitudes of normalized opening stress are greater than
that of the stress component parallel to the crack ﬂank. Due to the
symmetrical condition, the shear stress component is zero.
A difference stress ﬁeld has been calculated between the full
stress ﬁeld with residual stresses and the reference solution
(Mrij ¼ rwithij  rrefij , where rwithij is the stress ﬁeld with residual
stresses and rrefij is reference SSY solution). The difference ﬁelds
for the three eigenstrain levels aw ¼ 0:002, 0.0025 and 0.003 are
shown in Fig. 8. In our earlier work, Liu et al. (2008) showed that
the residual stress-induced difference ﬁeld could be approximated
by a hydrostatic stress with both principle components almost
identical and shear component zero. However, as shown in Fig. 8,
Mr11 and Mr22 are different for the same eigenstrain level. With
the increase in the eigenstrain level, the difference between Mr11ken out at r=ðJ=r0Þ ¼ 2. E=r0 ¼ 500, n = 0.1, m ¼ 0:3.
(a)
(b)
Fig. 7. Comparison of the reference ﬁeld and the stress ﬁeld including residual stresses along h ¼ 0, Japplied ¼ 200 N/mm. n = 0.1, E=r0 ¼ 500, m ¼ 0:3. (a) r11; (b) r22.
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ses perpendicular to the crack ﬂank were used in Liu et al. (2008)
while biaxial residual stress ﬁelds were introduced in this study.
The difference between the present results and the results in Liu
et al. (2008) may be explained by the different residual stress com-
ponents. Biaxial residual stresses tend to have more signiﬁcant ef-
fects on the crack-tip constraint than uniaxial ones. Similar
features have also been reported by Xu and Burdekin (1998).
It is known that the cleavage fracture is controlled by the criti-
cal levels of the opening stress acting over a microstructurally sig-
niﬁcant distance ahead of the crack tip (Dodds et al., 1993). In
order to quantify the effect of residual stresses on the crack-tip
constraint, a parameter R can be deﬁned based on the difference
in the opening stresses. The same reference stress used in the pre-
vious section was used here. The deﬁnition of R is:R ¼ r22  ðr22ÞSSY;T¼0
r0
at r ¼ 2J=r0 ð11Þ
The distance r=ðJ=r0Þ ¼ 2 is chosen so that R is evaluated outside
the ﬁnite-strain region. It can also be seen that the difference be-
tween the ﬁnite strain solution with T = 0 and reference small scale
yielding solution is negligible when the distance is greater than
r=ðJ=r0Þ ¼ 2.
4.3. Effect of external loading on R
Welded structures with residual stresses are subject to various
service loading conditions. It is interesting to investigate the effects
of external loading on the crack-tip constraint induced by residual
stresses. A residual stress ﬁeld with eigenstrain value ab ¼ 0;aw ¼
Fig. 8. Difference stress between the full stress ﬁeld and reference ﬁeld along h ¼ 0 with T = 0. n = 0.1, E=r0 ¼ 500, m ¼ 0:3.
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straint was investigated under ﬁve external loading levels
ðJapplied ¼ 200;300;400;500 and 600 N=mmÞ. The opening stresses
of combined external loading and residual stresses are shown in
Fig. 9 together with the reference solution.
Fig. 9 shows that in the presence of residual stresses the crack-
tip opening stresses exceed the reference solution for all the load-
ing levels considered. However, the opening stress decreases with
the increase of external loading. The difference between the open-
ing stresses and reference solution are plotted in Fig. 10(a). The R
values quantifying the residual stress-induced crack-tip constraint
have been calculated using Eq. (11) and are plotted as a function of
the external load in Fig. 10(b).
It can be seen from Fig. 10(a) that different stresses under the
various external loading levels are parallel to each other to a large
extent when r=ðJ=r0Þ > 1:5. The residual stress-induced constraint
R decreases with the increase in the external loading, as shown inFig. 9. Comparison of reference ﬁeld with stress ﬁeld combining external loFig. 10(b). Liu et al. (2008) observed a similar trend in their studies.
The behavior is in agreement with common knowledge that the
external loading and plasticity can reduce the effects of residual
stresses. It is also interesting to note that R is different to the mis-
match-induced constraint parameter M that depends on the mate-
rial properties but is independent of external loading and geometry
constraint (Zhang et al., 1996, 1997a,b). The above results indicate
that the residual stress as an additional stress ﬁeld has interaction
with the applied stress ﬁelds and depends strongly on the residual
stress ﬁeld itself.
4.4. Interaction of R and Q
In Section 4.2 it has been noted that the specimen geometry,
crack size and loading mode inﬂuence the crack-tip constraint
and the geometry constraint can be characterized by the Q param-
eter (O’Dowd and Shih, 1991, 1992). It is interesting to study howading and residual stresses along h ¼ 0 with T = 0. E=r0 ¼ 500, m ¼ 0:3.
(a)
(b)
Fig. 10. Effect of external loading. (a) different opening stress ﬁelds along h ¼ 0; (b) R as a function of external loading. T = 0, n = 0.1, E=r0 ¼ 500, m ¼ 0:3.
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constraint. In a boundary layer formulation, the normalized crack-
tip stress ﬁelds depend on the remote T-stress but are supposed to
be independent of the K-ﬁeld. By changing the T-stress, different
geometry constraint levels can be obtained. In the following, the
near-tip stress ﬁeld in the presence of both a residual stress ﬁeld
and T-stress has been investigated. The residual stress is ﬁxed with
eigenstrain value ab ¼ 0;aw ¼ 0:003, and seven T-stress values
have been considered. The normalized opening stresses at
Japplied ¼ 200 N=mm are shown in Fig. 11.
Fig. 11 shows that the stress ﬁeld was shifted up and down
by different T-stresses compared with the reference solution. It
can be seen that the compressive T-stress affects the stress ﬁeld
more signiﬁcantly than the tensile T-stress. In order to investi-
gate the interaction between R and Q, R was calculated according
to Eq. (11) for different T-stresses and compared with Q. Here, itshould be noted that R deﬁned in Eq. (11) represents the crack-
tip constraint induced purely by the residual stress. However,
the R value here (designated as RQ ) includes both the residual
stress-induced constraint and geometry constraint, i.e.
RQ ¼ Rþ Q . The comparison of RQ and Q with different T is plot-
ted in Fig. 12.
The difference between RQ and Q is the constraint induced by
the residual stress, i.e. R showed by the shaded area in Fig. 12. It
can be seen that the difference between RQ and Q decreases with
the increase of T=r0, which indicates that the higher the geometry
constraint, the weaker the residual stress effect on the crack-tip
constraint. Liu et al. (2008) also showed that residual stress in-
duced constraint in the tensile specimen is in general higher than
that in the bending specimen. It is known that for the same geom-
etry and crack size, the bending specimen displays a higher geom-
etry constraint than the tensile specimen.
Fig. 11. Comparison of reference solution with stress ﬁeld including residual stress and geometry effects along h ¼ 0. n = 0.1,E=r0 ¼ 500, m ¼ 0:3.
2638 X.B. Ren et al. / International Journal of Solids and Structures 46 (2009) 2629–2641The T-stress was applied as a uniaxial tension or compression
parallel to the crack ﬂank to change the crack-tip stress triaxiality
in the boundary layer formulation. In this study, the T-stress which
generates different Q stresses was designated as TQ . The biaxial
residual stress component parallel to the crack ﬂank can also be
considered as a T-stress component, designated as TR. Thus, the
interaction between R and Q can be explained as the interaction
of TR and TQ . As shown in Fig. 3, the residual stress component par-
allel to the crack ﬂank is mainly tensile. Therefore, the superposi-
tion of TQ and TR enhances the total T-stress that results in a
higher crack-tip constraint. A positive TR can reduce the constraint
loss signiﬁcantly when TQ is compressive while it has a weak effect
on the crack-tip constraint when TQ is positive. However, when the
crack-tip achieved the full plasticity, a further increase in tensile T-
stress does not have any signiﬁcant effect.Fig. 12. Comparison of R and Q. n = 0.1, E=4.5. Effect of loading path on Q and R
For the same external displacement ﬁeld applied at the outer
boundary of the MBL model, different loading path may induce a
different crack-tip constraint, which was generally neglected by
most of the work in the literature. There are generally two loading
paths to apply to remote displacements: the proportional loading
path controlled by ﬁxing the ratio of K/T (Path I); and the sequent
loading path by applying the T-ﬁeld ﬁrst and then the K-ﬁeld (Path
II). In this study, the effect of the loading path on the crack-tip con-
straint was investigated both with and without residual stress
cases. T=r0 ¼ 0:5 and K-ﬁeld with Japplied ¼ 200;300;400;500
and 600 N/mm were studied and the same reference ﬁeld was
used. Fig. 13(a) and (b) show the effect of the loading path on Q
and R, respectively.R + Q
QR + Q
Q
r0 ¼ 500, m ¼ 0:3, ab ¼ 0;aw ¼ 0:003.
Fig. 13. Effect of the loading path on the crack-tip constraint with T ¼ 0:5, n = 0.1, E=r0 ¼ 500, m ¼ 0:3. (a) effect on Q; (b) effect on R. ab ¼ 0;aw ¼ 0:003.
X.B. Ren et al. / International Journal of Solids and Structures 46 (2009) 2629–2641 2639It can be seen that proportional loading path can generate a
higher crack-tip constraint than the sequent loading path both
with and without the residual stress cases. It should be noted that
the compressive T-stress represents the loss of crack-tip constraint.
Thus, the lower crack-tip constraint induced by loading path II
indicates that the T-stress applied as an additional ﬁeld affects
the crack-tip constraint. We also observed that the effect of the
loading path on R is stronger than the effect on Q for the same
external loading. This indicates that the effect of residual stresses
on the crack-tip constraint can be regarded as the superposition
of components parallel to the crack ﬂank and the additional T-ﬁeld.
It was also found that under the same geometry constraint level
(T=r0 ¼ 0:5), the effect of residual stresses decreases with the in-
crease in external loading, as shown in Fig. 13(b).4.6. Effect of hardening component on R
Finally, it is interesting to investigate the inﬂuence of material
properties on the residual stress-induced constraint. The same
residual stress ﬁeld generated by eigenstrain values ab ¼ 0 and
aw ¼ 0:003 was introduced and the same external loading
Japplied ¼ 200 N/mm was applied for three hardening components.
Fig. 14 shows the difference in the opening stress between the case
with residual stresses and the corresponding reference solution.
The values of R for different n were marked by circles.
Fig. 14 shows that the difference in the opening stresses in-
creases with the increase of the strain hardening component. R is
also higher for the case with stronger strain hardening. For the
materials with weak hardening, the crack tip can easily develop
Fig. 14. Difference opening stress for the stress ﬁelds with residual stresses and the corresponding reference solution with n = 0.05, 0.1, and 0.2 along h ¼ 0. E=r0 ¼ 500,
m ¼ 0:3.
2640 X.B. Ren et al. / International Journal of Solids and Structures 46 (2009) 2629–2641full plasticity. Thus, for the same residual stress ﬁeld, its effect on
the crack-tip constraint is smaller for weaker hardening materials.
It should also be noted that the ﬁnite strain effect becomes more
signiﬁcant for a material with weaker strain hardening.5. Concluding remarks
Welding residual stresses are unavoidable and play a crucial
role in the integrity assessment procedure. Residual stresses affect
both the crack driving force and the crack-tip constraint. This study
has focused on the latter effect by using a new parameter to quan-
tify its effect. The modiﬁed boundary layer model with a remote
displacement ﬁeld controlled by the K-ﬁeld and T-stress was used.
A two-dimensional residual stress ﬁeld was introduced into the
model by the eigenstrain method. A small scale yielding solution
without residual stress and geometry constraint (T=r0 ¼ 0) was ta-
ken as the reference ﬁeld.
It has been shown that the difference in the stress ﬁelds be-
tween the full stress ﬁeld with residual stresses and the reference
solution show similarity. Unlike previous ﬁndings, we found that
the stress components of the difference ﬁelds parallel and perpen-
dicular to the crack ﬂank are not equal. Thus, parameter R is not a
hydrostatic term for the cases examined. Since the cleavage frac-
ture is more sensitive to the opening stress, a parameter R was de-
ﬁned based on the opening stress difference to quantify the
welding residual stress-induced constraint.
The results showed that external loading can remedy the resid-
ual stress-induced constraint R that decreases with the increase in
the external loading. R is different to the mismatch-induced con-
straint parameter M which is independent of the external loading.
The results also indicate that the geometry constraint interacts
with the constraint induced by the residual stresses. For a higher
geometryconstraint, theeffectof the residual stressesbecomesweak-
er. This could be explained by the fact that the residual stress compo-
nents parallel to the crack ﬂank interact with the remote T-stress.
The study also indicates that a sequential loading path with the T-
ﬁeld takenasanadditionalﬁeldwill result in lowercrack-tipconstraint.
The loading path effect is stronger for the cases with residual stresses.
The residual stress-induced constraint depends on the material
hardening component as well. R increases with the increase of thehardening, in which the near-tip plasticity plays an important role.
Full plasticity is easier to cover the crack tip for the weaker hard-
ening material and then the residual stresses have a smaller effect
on the crack-tip constraint.
The present work is concerned with the residual stress-induced
crack-tip constraint. The parameter R was deﬁned to quantify the
residual stress-induced crack-tip constraint. Further work will be
addressed to implement the residual stress-induced constraint into
the failure assessment.
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